In this work, we obtain some fixed point and common fixed point theorems of comparable maps satisfying certain contractive conditions on partially ordered cone b-metric space over Banach algebras. Some examples are also provided to illustrate the main results presented in this paper, which extend and generalize several known results in cone b-metric spaces.
Introduction
In 2007, Huang and Zhang [13] introduced the notion of cone metric space, where they studied the convergence of a sequence in cone metric spaces in order to introduce completeness and proved some fixed point theorems for contractive maps on these spaces. They start the study of fixed point theorems in such spaces. Several authors published many papers on cone metric space, see, [1, 10, 16, 21, 25] . Later on, Rezapour and Hamlbarani [23] obtained some fixed point theorems by omitting the assumption of normality in the results of [13] . Recently, some authors, (see, e.g., [8, 10, 16, 22] ) shown that the fixed point results obtained in cone metric space are equivalent to fixed point results in metric space. In 2013, Liu and Xu [20] introduced the notion of cone metric space over Banach algebra and defined generalized Lipschitz contraction with vector contractive coefficient instead of usual real constant. They proved the existence of fixed points with the assumption that the underlying cone is normal, futhermore they explained by an example that fixed point theorems in cone metric spaces over Banach algebra are not equivalent to those in metric spaces, and so, such generalizations are the genunie ones. In 2014, Xu and Radenovic [26] showed that the normality of cone can be removed from the results of Liu and Xu [20] .
The idea of b-metric was initiated from the works of Bourbaki [7] and Bakhtin [5] . Czerwik [9] gave an axiom which was weaker than the triangular inequality and formally defined a b-metric space with a view of generalizing the Banach contraction mapping theorem. There exist many examples in the literature showing that the class of b-metric is effectively larger than that of metric spaces. By using the concept of b-metric space and cone metric space Hussain and Shah [15] introduced the notion of cone b-metric space. Later on, Huanga and Radenovic [12] introduced the concept of cone b-metric space over Banach algebra and present some common fixed point theorems in such spaces.
On the other hand fixed point theory on partially ordered sets has also been developing [3, 4, 11] . In the past several years, some existence results of fixed points for some contractive type maps in partially ordered cone metric spaces over Banach algebra were investigated. In this paper, we obtain some fixed point and common fixed point theorems of comparable maps satisfying certain contractive conditions on partially ordered cone b-metric space over Banach algebras. Some examples are also provided to illustrate the main results presented in this paper, which extend and generalize several known results in cone b-metric spaces.
Preliminaries
In this section, we recall some basic definitions and results about cone b-metric space and Banach algebras.
Definition 2.1 ([19]). A real Banach space
A is called real Banach algebra if for all x, y, z ∈ A, a ∈ R, following properties holds:
(1) x(yz) = (xy)z; (2) x(y + z) = xy + xz and (x + y)z = xz + yz; (3) a(xy) = (ax)y = x(ay); (4) ||xy|| ||x||||y||.
Throughout this paper, we shall assume that a Banach algebra A has a unit, i.e., multiplicative identity e such that for all x ∈ A, ex = xe. An element x ∈ A is said to be invertible if there exists an element y ∈ A such that xy = yx = e, y is called inverse of x and denoted by x −1 . For more details see [24] .
Proposition 2.2 ([24]
). Let A be a Banach algebra with a unit e, and x ∈ A. If the spectral radius r(x) of x is less than 1, i.e., r(x) = lim
Remark 2.3 ([24]
). Let A be a Banach algebra with a unit e then the spectral radius r(x) of x satisfies r(x) ||x|| for all x ∈ A.
Remark 2.4. If the condition r(x) < 1 is replaced by ||x|| 1, in the Proposition 2.2, then the conclusion remain true.
Definition 2.5 ([3]).
A subset P of a Banach algebra A is called cone of A if (1) P is non empty and closed and {θ, e} ⊂ P; (2) for all non negative real numbers a, b, aP + bP ⊂ P; (3) P 2 = PP ⊂ P; (4) P ∪ (−)P = {θ}, where θ denotes the null of the Banach algebra A.
For a given cone P ⊂ A, we can define a partial ordering with respect to P by x y if and only if y − x ∈ P. x ≺ y will stand for x y and x = y, while x y will stand for y − x ∈ int(P), where int(P) denotes the interior of P. If int(P) = θ, then P is called a solid cone. The cone P is called normal if there is a number M > 0 such that, for all x, y ∈ A θ x y =⇒ ||x|| M||y||.
The least positive number satisfying above is called normal constant of P (see [13] ). Note that, for any normal cone P we have M 1 (see [2] ). Define multiplication in the usual way. Then A is Banach algebra with a unit 1. Let P = {x ∈ A : x(t) 0, t ∈ [a, b]} and X = R. Define a mapping d : X × X → A by d(x, y)(t) = |x − y| p e t for all x, y ∈ X, where p > 1 is a constant. Then (X, d, s) is cone b-metric space with s = 2 p−1 . Note that it is not cone metric space.
Definition 2.9 ([12]
). Let (X, d, s) be a cone b-metric space over a Banach algebra A, x ∈ X and {x n } be a sequence in X. Then (1) the sequence {x n } converges to x whenever for each c ∈ A with θ c, there is n 0 ∈ N such that d(x n , x) c for all n > n 0 , we denote this by lim n→∞ x n = x or x n → x as n → ∞; (2) the sequence {x n } is a Cauchy sequence whenever for each c ∈ A with θ c, there
c for all n, m > n 0 ; (3) a cone b-metric space is called complete if every Cauchy sequence is convergent in X.
It is obvious that the limit of convergent sequence in a cone b-metric space is unique. A mapping T : X → X is called continuous at x ∈ X, if for every sequence {x n } in X such that x n → x as n → ∞, we have T x n → T x as n → ∞.
Definition 2.10 ([17]
). Let P be a solid cone in a Banach algebra A. A sequence {x n } in P is said to be a c-sequence if for each c θ there exists a natural number N such that x n c for all n > N.
Lemma 2.11 ([26] ). Let P be a solid cone in a Banach algebra A, {x n } and {y n } be two c-sequences in P. If α, β ∈ P are two arbitrarily given vectors, then {αx n + βy n } is a c-sequence.
Lemma 2.12 ([21])
. If E is real Banach space with a cone P and if a µa with a ∈ P and 0 µ 1, then a = θ.
Lemma 2.13 ([21])
. If E is real Banach space with a solid cone P and if θ u c for each θ c, then u = θ.
Lemma 2.14 ([21])
. If E is real Banach space with a solid cone P and if ||x n || → 0 (n → ∞), then for any θ c, there exists N ∈ N such that, for any n > N, we have x n c.
Lemma 2.15 ([26]
). Let A be a Banach algebra and if xy = yx for all x, y ∈ A, then following hold:
Lemma 2.16 ([26]
). Let A be a Banach algebra and k be vector in A. If 0 r(k) < 1, then we have
Definition 2.17 ([3]
). Let (X, ) be a partially ordered set. Two elements x, y ∈ X are said to be comparable if x y or y x hold. Similarly, T : X → X is called comparable if for any comparable pair x, y ∈ X, T x and T y are comparable.
Remark 2.18. A map T : X → X is said to be non decreasing with , if for any x, y ∈ X, x y, then T x T y. Note that, a comparable map may not be non decreasing with .
Definition 2.19 ([3]
). Let (X, ) be a partially ordered set. Two maps T , S : X → X are said to be weakly comparable if both T x, ST x and Sx, T Sx are comparable for any x ∈ X.
Theorem 2.20 ([27]
). Let (X, ) be a partially ordered set and (X, d) be a cone metric space over a Banach algebra A. Suppose that T : X → X is continious and comparable and following properties hold:
(ii) there exists x 0 ∈ X such that x 0 and T x 0 are comparable.
Then T has a fixed point in X.
Main results
In this section we establish some fixed point and common fixed point results of comparable maps satisfying certain contractive conditions on partially ordered cone b-metric spaces over Banach algebras where underlying cone P is solid and not necessarily normal. Theorem 3.1. Let (X, ) be a partially ordered set and (X, d) be a complete cone b-metric space over a Banach algebra A with coefficient s 1. Suppose that T : X → X is continuous and comparable. Assume that the following hold:
Proof. Let x 0 ∈ X be an arbitrary point. If T x 0 = x 0 , then the proof is finished. Assume that T x 0 = x 0 . From condition (ii) and T being comparable, we deduce that for any j 1, T j x 0 and T j+1 x 0 are comparable. Let T n x 0 = x n , we yield x j and x j+1 are comparable. From condition (i), we have
Since r(α) < 1 1+s , it follows from Proposition 2.2 that (e − α) is invertible. Hence by (3.1), we deduce that
By repeating this relation we yield,
By Lemma 2.15 and Lemma 2.16, we obtain
Note that r(k) < 1 s implies that (e − sk) is invertible and
Since r(k) < 1 s 1 implies that ||k n || → 0(n → ∞), further, {k n } is a c-sequence. Thus from Lemma 2.11 we get that {sk n (e − sk) −1 d(x 1 , x 0 )} is a c-sequence, which shows that (x n ) is a Cauchy sequence. Since X is complete so there exists z ∈ X such that x n → z as n → ∞. By the continuity of T we conclude that z is fixed point of T .
Some generalizations of the results are given in the following. If we remove the continuity from Theorem 3.1 we obtained the the following theorem. Theorem 3.2. Let (X, ) be a partially ordered set and (X, d) be a complete cone b-metric space over a Banach algebra A with coefficient s 1. Suppose that T : X → X is comparable and following properties hold:
for any comparable pair x, y ∈ X; (ii) there exists x 0 ∈ X such that x 0 and T x 0 are comparable; (iii) if a sequence {x n } converges to x ∈ X and for all j 0, x j and x j+1 are comparable, then x j and x are comparable.
Proof. Let T n x 0 = x n . From the proof of Theorem 3.1 it follows that x n , x n+1 are comparable for all n 0 and x n converges to z. Now from condition (iii) x n , z are comparable. So from condition (i) we have
Since e − sα is invertible, then from above equation we have
Because {x n } is Cauchy and convergent; it means {d(x n , x n+1 )} and {d(x n+1 , z)} are c-sequences. Hence from Lemma 2.11,
} is also c-sequence. So d(T z, z) = θ, which implies that z is a fixed point of T . Corollary 3.3. Let (X, ) be a partially ordered set and (X, d) be a complete cone metric space over a Banach algebra A. Suppose that T : X → X is continuous and comparable and following properties hold:
for any comparable pair x, y ∈ X; (ii) there exists x 0 ∈ X such that x 0 and T x 0 are comparable.
Proof. Take s = 1 in Theorem 3.1.
Corollary 3.4. Let (X, ) be a partially ordered set and (X, d) be a complete cone metric space over a Banach algebra A. Suppose that T : X → X is comparable and following properties hold: 
) is a cone b-metric space over Banach algebra with s = (ii) there exists x 0 ∈ X such that x 0 and T x 0 are comparable.
Proof. Let x 0 ∈ X be an arbitrary point. If T x 0 = x 0 , then the proof is finished. Assume that T x 0 = x 0 . From condition (ii) and T is comparable, we deduce that for any j 1, T j x 0 and T j+1 x 0 are comparable. Let T n x 0 = x n , we yield x j and x j+1 are comparable. From condition (i), we have
Since r(α) < 1 s , it follows from Proposition 2.2 that (e − sα) is invertible. Hence by (3.2), we deduce that
By putting (e − sα) −1 sα = k, we get
By repeating this relation we yield
Now, for m > n we have
Since r(k) < 1 s 1 implies that ||k n || → 0(n → ∞), further, {k n } is a c-sequence. Thus from Lemma 2.11 we get that {sk n (e − sk) −1 d(x 1 , x 0 )} is a c-sequence. Which shows that (x n ) is a Cauchy sequence. Since X is complete so there exists z ∈ X such that x n → z as n → ∞. By the continuity of T we conclude that z is fixed point of T .
If we remove the continuity from Theorem 3.6 we obtained the the following theorem. Theorem 3.7. Let (X, ) be a partially ordered set and (X, d) be a complete cone b-metric space over a Banach algebra A with coefficient s 1. Suppose that T : X → X is comparable and following properties hold:
(i) there exists α ∈ P with r(α) < (ii) there exists x 0 ∈ X such that x 0 and T x 0 are comparable; (iii) if a sequence {x n } converges to x ∈ X and for all j 0, x j and x j+1 are comparable, then x j and x are comparable.
Proof. Let T n x 0 = x n . From the proof of Theorem 3.6 it follows that x n , x n+1 are comparable for all n 0 and x n converges to z. Now from condition (iii), x n , z are comparable. So from condition (i) we have
From r(α) < 1 s+s 2 < 1 s 2 we find that (e − s 2 α) is invertible, so from above equation we have
Because {x n } is Cauchy and convergent; it means {d(x n , z)} is c-sequences. Hence from Lemma 2.11,
} is also c-sequence. So d(T z, z) = θ, which implies that z is a fixed point of T .
Corollary 3.8. Let (X, ) be a partially ordered set and (X, d) be a complete cone metric space over a Banach algebra A. Suppose that T : X → X is continuous and comparable and following properties hold:
Proof. Take s = 1 in Theorem 3.6. Corollary 3.9. Let (X, ) be a partially ordered set and (X, d) be a complete cone metric space over a Banach algebra A. Suppose that T : X → X is comparable and following properties hold:
for any comparable pair x, y ∈ X; (ii) there exists x 0 ∈ X such that x 0 and T x 0 are comparable; (iii) if a sequence {x n } converges to x ∈ X and for all j 0, x j , x j+1 are comparable, then x j , x are comparable.
Proof. Take s = 1 in Theorem 3.7.
Then A is Banach algebra with unit e = (0, 1). n−1
Condition (ii) of the Theorem 3.6 is also satisfied because 1 T 1. Therefore, by applying Theorem 3.6 we conclude that T has a fixed point.
Theorem 3.11. Let (X, ) be a partially ordered set and (X, d) be a complete cone b-metric space over a Banach algebra A with coefficient s 1. Suppose that T : X → X is continuous and comparable and following properties hold:
(i) there exists α, β, γ ∈ P with r(α)
Since r(α) + 2r(β) + 2r(sγ) < 1, then r(β + sγ) r(β) + r(sγ) < 1, and (e − β − sγ) is invertible. So we can write
Repeating this relation we yield.
From Lemma 2.15, we obtain
That is,
1−r(β+sγ) < 1. Hence, it follows from Lemma 2.15 and 2.16 that
Since r(k) < 1 implies that ||k n || → 0(n → ∞), further, {k n } is a c-sequence. Thus from Lemma 2.11 we get that {sk n (e − sk) −1 d(x 1 , x 0 )} is a c-sequence. Which shows that (x n ) is a Cauchy sequence. Since X is complete so there exists z ∈ X such that x n → z as n → ∞. By the continuity of T we conclude that z is fixed point of T .
If we use the condition (iii) instead of continuity of T in Theorem 3.11, we have the following.
Theorem 3.12. Let (X, ) be a partially ordered set and (X, d) be a complete cone b-metric space over a Banach algebra A with coefficient s 1. Suppose that T : X → X is comparable and following properties hold:
(i) there exists α, β, γ ∈ P with r(α) + 2r(β) + 2r(sγ)
Proof. Let T n x 0 = x n . From the proof of Theorem 3.11 it follows that x n , x n+1 are comparable for all n 0 and x n converges to z. Now from condition (iii), x n , z are comparable. So from condition (i) we have
Letting n → ∞, we get
that is, (e − β − γ)d(z, T z) θ. Then multiplying both sides with (e − β − γ) −1 , it follows that d(z, T z) = θ, which implies that z is a fixed point of T .
Remark 3.13. Theorems 3.11 and 3.12 generalize Theorems 3.9 and 3.10 of [27] , respectively. Indeed, take s = 1 in Theorems 3.11 and 3.12.
Now we give two common fixed point theorems on ordered cone metric space over Banach algebras.
Theorem 3.14. Let (X, ) be a partially ordered set and (X, d) be a complete cone b-metric space over a Banach algebra A with coefficient s 1. Suppose that T , S : X → X are two weakly comparable maps and following properties hold:
for any comparable pair x, y ∈ X; (ii) T or S is continuous.
Then T and S have a common fixed point in X.
Proof. Let x 0 ∈ X be an arbitrary point. Define a sequence {x n } in X as following: T x 2n = x 2n+1 and Sx 2n+1 = x 2n+2 for all n 0. Since T and S are weakly comparable, then x 1 = T x 0 and x 2 = Sx 1 = ST x 0 are comparable. Similarly x 2 = Sx 1 and x 3 = T x 2 = T Sx 1 are comparable, by continuing this way we obtain that x n and x n+1 are comparable for all n 1.
From condition (i), we have
Since r(α) + 2r(β) + 2r(sγ) < 1, then r(β + sγ) r(β) + r(sγ) < 1, and (e − β − sγ) is invertible. So we can write d(x 2n+1 , x 2n+2 ) (e − β − sγ) −1 (α + β + sγ)d(x 2n , x 2n+1 ) for all n 1. Let (e − β − sγ) −1 (α + β + sγ) = k, then d(x 2n+1 , x 2n+2 ) kd(x 2n , x 2n+1 ).
Repeating this relation we yield d(x n+1 , x n ) k n d(x 1 , x 0 ). From the proof of Theorem 3.11 we have r(k) < 1, so ||k n || → 0(n → ∞). So we have (e − sk) −1 (sk n )d(x 1 , x 0 ) (e − sk)
By lemma 2.14, for any c ∈ A with θ c, there exists N ∈ N such that for any m > n > N, d(x m , x n ) c, which shows that (x n ) is a Cauchy sequence. Since X is complete so there exists z ∈ X such that x n → z as n → ∞. Without loss of generality, we can assume that T is continuous. Then it is clear that T z = z. Multiplying both sides by (e − β − γ) −1 , we get d(z, Sz) = θ. Therefore, T z = Sz = z that is, z is common fixed point of T and S.
If we use the condition (ii) instead of continuity of T or S in Theorem 3.14, we have the following. (ii) if a sequence {x n } converges to x ∈ X and for all j 0, x j , x j+1 are comparable, then x j , x are comparable.
Proof. It can be proved in the same way as Theorems 3.12 and 3.14.
